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Abstract: The three 3-brane system with both positive or negative tension is stud-
ied in a low energy regime by using gradient expansion method. The effective equa-
tions of motion on the brane is derived and in particular we examine, in the first
order, the radion effective lagrangian for this system. In this case, we show the so-
lution of the modified Friedmann equation with dark radiation on the middle brane
and the other 3-branes by direct elimination of the radion fields and Weyl scaling of
the metric on the branes. We also derived the scalar-tensor gravity on the branes.
Keywords: Brane World Gravity, Dark Radiation, Scalar-tensor Theory.
Contents
1. Introduction 1
2. The general setup and background solution 3
3. The gradient expansion method 5
3.1 Zeroth order solutions 6
3.2 First order solutions 8
4. The effective equations of motion on the branes 10
4.1 Solutions on the middle brane 10
4.2 Solutions on the other branes 12
4.3 The effective Friedmann equation on the branes 16
5. The scalar-tensor gravity 20
6. Conclusions 22
1. Introduction
One of the long standing problem in particle physics and gravitational theories is how
to understand quantum theory of gravity. Nowadays, the only possible candidate for
this theory is the superstring theory [1]. Interestingly, this theory predicts the exis-
tence of the extra dimensions. In order to reconcile this prediction with our observed
four dimensional universe, we need a mechanism to compactify the extra dimensions.
In particular the setup of heterotic M-theory and its compactification down to five
dimensions [2] leads to a well motivated five dimensional brane world scenario, which
can be used to study its consequences in particle physics and cosmology.
Randall and Sundrum (RS) proposed two similar but distinct phenomenological
brane world scenarios [3, 4]. The first scenario is composed of two branes of the op-
posite tension, namely RS I. This scenario is the five dimensional space-time which
all matter fields are assumed to be confined on branes at fixed points of the S1/Z2
orbifold so that the bulk is described by pure Einstein gravity with a negative cos-
mological constant. On the other hand, the second scenario has a single brane with a
positive tension, namely RS II. The fifth dimension is infinite but still Z2 symmetry
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is imposed. In both scenarios the existence of the branes and the bulk cosmological
constant makes the bulk geometry curved, or warped.
Furthermore, the brane world models are expected to shed some light onto not
only quantum gravity and unification issues, but also cosmological issues such as the
cosmological constant or dark energy problem, or even particle physics ones such as
the hierarchy problem. There is also a brane world alternative to the standard big
bang plus inflation scenario [5, 6]. This scenario consist of a five dimensional bulk
bounded by two branes, which are as usual located at the fixed point of the S1/Z2
orbifold. Although many brane world models might be over simplified, they should
help in learning and understanding the properties of an effective theory derived from
some action in space-time dimensions d > 4 [7].
There are two approaches to obtain the effective Einstein equations on the brane
in the context of Randall-Sundrum scenarios, namely covariant curvature formula-
tion and gradient expansion method. In the covariant formulation [8], the effective
Einstein equation can be obtained by projecting the covariant five dimensional Ein-
stein equations on to the brane. The resulting projected equations are modified with
respect to general relativity due to the presence of a local quadratic term in the
sources and to the presence of a non-local term which is the projection of the five di-
mensional Weyl tensors. This last term carries information of the bulk gravitational
field on the brane and its contribution is of fundamental importance as it might be
relevant even at low energy [9, 10, 11, 12].
The main difficulty in understanding the contribution of the projected Weyl
tensor to the effective theory on the brane is in its non-local character. The equation
for the projected Weyl tensor on the brane are not closed so that solving the full five
dimensional equation of motion is necessary.
On the other hand, gradient expansion method gives a way out of this problem.
This method first proposed by Kanno and Soda [13]. The main idea is to treat the
issue perturbatively, defining a low energy regime in which the energy density on
the brane is kept small with respect to bulk vacuum energy density. The perturba-
tion parameter is defined as the ratio between these two energy densities. The five
dimensional equations of motion can be solved at different orders in the perturba-
tion parameter. This method allows in principle to derive the effective equations of
motion on the brane at each order.
In this paper, we generalize the results obtained for a two 3-brane scenario (RS
I) to a multibrane scenario [14, 15, 16] with the set up of the following. We consider
the A, B, C 3-branes system, with A and B branes are placed at the fixed points
of the orbifold whereas C brane is put between the two fixed points. We derive the
effective equations of motion in this scenario. By performing a perturbative expan-
sion of the metric, an expansion of the extrinsic curvature tensor and Weyl tensor
are considered. The four basic equations for the five dimensional evolution equations
and junction conditions are then solved at different order in the expansion parameter.
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The parameter of expansion is determined as in the Anti-deSitter (AdS) scenario.
There is a constant scale, namely the AdS curvature scale, to which quantities can
be compared.
The paper is organized as follows. In section 2, we explain the general set up for
the multibrane system. The junction conditions for this system is derived for each
brane by using geometrical approach. In section 3, we give the basic formulation
of the gradient expansion method by solving five dimensional equations of motion
and imposing the Dirichlet boundary condition at the brane position. We give the
basic formulations of the extrinsic curvature at the zeroth order and the first order
expansions. The first order solution of the effective equations of motion on the brane
is derived in section 4. In section 5, we address our result into the scalar-tensor
theory. We conclude our results in section 6.
2. The general setup and background solution
In this section we discuss three 3-brane embedded in a five-dimensional space-time.
This model is a straightforward extension of the RS I model. In more detail, we have
three parallel 3-branes in an AdS5 space with negative cosmological constant. The
fifth dimension has the geometry of an orbifold S1/Z2 and the branes are located at
y = 0 (A-brane with tension σA), y = yA (C-brane with tension σC) and y = yB (B-
brane with tension σB). Note that A-brane and B-brane are placed at the fixed points
of the orbifold S1/Z2 but C-brane is not. The region between two brane, namely
region A [0, yA] and region B [yA, yB], is characterized by two different values in two
different slice of AdS5 curvature scales i.e., lA and lB, respectively. Furthermore the
metrics on the three branes are all connected by an conformal transformation, so in
principle it is enough to derive the four-dimensional effective equations of motion on
one of the branes. In the following we derive the four-dimensional Einstein equations
of motion on each branes. The action that describes this configuration is
S =
1
2κ2
∫
d5x
√−g
(
R+ 12
l2A,B
)
+
∑
i=A,B,C
∫
d4x
√
−gi−brane(−σi + Limatter), (2.1)
whereR, κ and g are the scalar curvature, the gravitational constant in 5-dimensions,
respectively. The metric gi−brane is the induced metric on the branes and σi their
tensions. Notice that we have allowed the curvature scales to have different values
to either side of the middle brane, represented by lA and lB, which leads to different
metrics in the two bulk regions. The coordinate system chosen is
ds2 = e2φ(y,x)dy2 + gµν(y, x)dx
µdxν . (2.2)
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The proper distance between two branes with fixed x coordinates can be written
as
dA(x) =
∫ yA
0
dy′eφ(y
′,x) , (2.3)
dB(x) =
∫ yB
yA
dy′eφ(y
′,x) . (2.4)
And the total proper distance is given by
dtot(x) = dA(x) + dB(x) =
∫ yB
0
dy′eφ(y
′,x) . (2.5)
The Einstein equations that arise from this coordinate system are:
e−φ(e−φK νµ ),y − (e−φK)(e−φK νµ ) + (4)Rνµ −DµDνφ−DµφDνφ
= − 4
l2A,B
δνµ + κ
2
(
1
3
δνµσA + T
Aν
µ −
1
3
δνµT
A
)
e−φδ(y)
+
κ2
2
(
1
3
δνµσC + T˜
Cν
µ −
1
3
δνµT˜
C
)
e−φδ(y − yA)
+κ2
(
1
3
δνµσB + Tˆ
Bν
µ −
1
3
δνµTˆ
B
)
e−φδ(y − yB) , (2.6)
and
e−φ(e−φK),y − (e−φKαβ)(e−φKαβ)−DαDαφ−DαφDαφ
= − 4
l2A,B
− κ
2
3
(−4σA + TA) e−φδ(y)− κ2
6
(
−4σC + T˜C
)
e−φδ(y − yA)
−κ
2
3
(
−4σB + TˆB
)
e−φδ(y − yB) , (2.7)
and
Dν(e
−φKνµ)−Dµ(e−φK) = 0 , (2.8)
where the appropriate AdS5 curvature scale is chosen for each region.
(4)Rνµ is the
curvature on the brane and Dµ denotes the covariant derivative with respect to the
metric gµν . When the metric changes between regions of the bulk, it is necessary
to include a term in the boundary action that depends on the trace of the extrinsic
curvature.
The extrinsic curvature tensor is defined byKµν = −gµν,y/2. For all three branes,
the junction conditions read
e−φ
[
Kνµ − δνµK
] |y=0 = κ2
2
(−σAδνµ + TAνµ ) , (2.9)
e−φ
[
Kνµ − δνµK
]+
−
|y=yA = κ2
(
−σCδνµ + T˜Cνµ
)
, (2.10)
e−φ
[
Kνµ − δνµK
] |y=yB = −κ22 (−σBδνµ + TˆBνµ ) , (2.11)
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where we have used that A-brane and B-brane follow a Z2 symmetry but C-brane
is no Z2 symmetry. Here, we assume that the direction of the normal vector field to
a brane is chosen to be the same all way through the bulk for all the three brane.
Decompose the extrinsic curvature into the traceless part and the trace part
e−φKµν = Σµν +
1
4
gµνQ , Q = −e−φ ∂
∂y
log
√−g , (2.12)
then, we obtain the basic equations;
e−φΣνµ,y −QΣνµ = −
[
(4)Rνµ −
1
4
δνµ
(4)R−DµDνφ−DµφDνφ
+
1
4
δνµ (D
αDαφ+D
αφDαφ)
]
, (2.13)
3
4
Q2 − ΣαβΣβα =
[
(4)R
]
+
12
l2A,B
, (2.14)
e−φQ,y − 1
4
Q2 − ΣαβΣαβ = DαDαφ+DαφDαφ− 4
l2A,B
, (2.15)
DνΣ
ν
µ −
3
4
DµQ = 0 . (2.16)
And the junction conditions read[
Σνµ −
3
4
δνµQ
] ∣∣∣∣
y=0
=
κ2
2
(−σAδνµ + TAνµ ) , (2.17)[
Σνµ −
3
4
δνµQ
]+
−
∣∣∣∣
y=yA
= κ2
(
−σCδνµ + T˜Cνµ
)
, (2.18)[
Σνµ −
3
4
δνµQ
] ∣∣∣∣
y=yB
= −κ
2
2
(
−σBδνµ + TˆBνµ
)
. (2.19)
The notation [X ]+− indicates that we evaluate the quantity X on both sides of the
brane and take difference, [X ]+− = X
+ −X−.
3. The gradient expansion method
In this section we derive the effective equations of motion using the low energy ex-
pansion method (gradient expansion method) first proposed by Kanno and Soda [13]
to study our scenario. In this method, the full five dimensional equations of motion
are solved, at different orders, in the bulk by performing a perturbation expansion
in the metric. The parameter of expansion is defined so that the low energy regime
corresponds to a regime in which the energy density (ρ) on the brane is smaller then
the brane tension (σ), ρ << σ. In this regime, the parameter of expansion can be
expressed as
ǫ =
(
l
L
)2
, (3.1)
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where l is the bulk curvature scale of the AdS5 and L is the brane curvature scale.
According to the parameter of expansion (3.1), the quantities Σνµ are expanded as
Σ νµ = Σ
(0)ν
µ + Σ
(1)ν
µ + Σ
(2)ν
µ + · · · . (3.2)
Then, the iteration scheme consists in writing the metric gµν as a sum of local tensors
built out of the induced metric on the brane,
gµν(y, x
µ) = a2(y, x)
[
hµν(x
µ) + g(1)µν (y, x
µ) + g(2)µν (y, x
µ) + · · ·] , (3.3)
g(n)µν (y = y¯, x
µ) = 0 , n = 1, 2, 3, ... (3.4)
Here, y¯ is a generic point in which the Dirichlet condition is taken on the brane.
In the following, we derive the zeroth order and first order solutions using the
above scheme.
3.1 Zeroth order solutions
At zeroth order matter is neglected, we intend vacuum brane, and going at higher
orders means we are considering perturbation of the vacuum solution as matter is
added to the brane. The equations to solve are
e−φΣ(0)νµ,y −Q(0)Σ(0)νµ = 0 (3.5)
3
4
Q(0)2 − Σ(0)αβ Σ(0)βα =
12
l2A,B
, (3.6)
e−φQ(0),y −
1
4
Q(0)2 − Σ(0)αβΣ(0)αβ = −
4
l2A,B
, (3.7)
DνΣ
(0)ν
µ −
3
4
DµQ
(0) = 0 . (3.8)
The junction conditions are given by[
Σ(0)νµ −
3
4
δνµQ
(0)
] ∣∣∣∣
y=0
= −κ
2
2
σAδ
ν
µ , (3.9)[
Σ(0)νµ −
3
4
δνµQ
(0)
]+
−
∣∣∣∣
y=yA
= −κ2σCδνµ . (3.10)[
Σ(0)νµ −
3
4
δνµQ
(0)
] ∣∣∣∣
y=yB
=
κ2
2
σBδ
ν
µ . (3.11)
Integrating equation (3.5) and using the constraint (3.8) we obtain the solution of
the traceless part of the extrinsic curvature at zeroth order
Σ(0)νµ
∣∣∣
−
= Σ(0)νµ
∣∣∣
+
= 0 . (3.12)
And the trace part of the extrinsic curvature
Q(0)
∣∣∣
−
=
4
lA
, Q(0)
∣∣∣
+
=
4
lB
, (3.13)
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where we have inserted (3.12) into (3.6) and ”|±” denotes the solutions of each region
of the bulk space-time. Inserting (3.12) and (3.13) into (2.12), the extrinsic curvature
at zeroth order is
K(0)µν
∣∣∣
±
=
eφ
lA,B
g(0)µν
∣∣∣
±
. (3.14)
In this order, the equation (3.14) gives the evolution of the extrinsic curvature in
different regions of the bulk space-time which correspond to two different values of
the AdS curvature scales, lA and lB.
From definition of the extrinsic curvature and using equation (3.14) we need to
solve two different solutions of the metric
−1
2
∂
∂y
g(0)µν
∣∣∣
−
=
eφ
lA
g(0)µν
∣∣∣
−
, 0 < y < yA , (3.15)
−1
2
∂
∂y
g(0)µν
∣∣∣
+
=
eφ
lA
g(0)µν
∣∣∣
+
, yA < y < yB . (3.16)
Integrating equations (3.15) and (3.16) we get the zeroth order metric as
ds2 = e2φ(y,x)dy2 + a2∓(y, x)h
∓
µν(x)dx
µdxν , (3.17)
where
a−(y, x) = e
−dA(y,x)/lA , (3.18)
a+(y, x) = e
dB(y,x)/lB . (3.19)
Here, we have integrated from a generic point y′ to y such that dA,B =
∫ y
y′
eφ(y,x)dy
is the proper distance between a generic point and y. The tensor h∓µν is the in-
duced metric tensor depending on the brane coordinates. In fact, the factor a± is a
conformal factor that relates the metric on the branes. In this case we have
hC−µν = a
2
−h
A
µν , (3.20)
hC+µν = a
2
+h
B
µν . (3.21)
where hC∓µν = g
C−brane
µν , h
A
µν = g
A−brane
µν and h
B
µν = g
B−brane
µν are the induced metrics on
the C-brane, A-brane and B-brane, respectively.
From the junction conditions (3.9) and (3.11) we have the fine tuning conditions
for A-brane tension and B-brane tension respectively,
κ2σA =
6
lA
, (3.22)
κ2σB = − 6
lB
. (3.23)
Furthermore, the junction condition (3.10) yields
κ2σC = − 3
lA
(
α− 1
α
)
. (3.24)
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where we have defined α = lB/lA. This equation is a fine tuning condition for C-
brane tension in terms of the curvature scales lA and lB of the slices of AdS5 bulk.
The equation (3.22) - (3.24) also implies the relation for the brane tensions:
σA + 2σC + σB = 0 . (3.25)
The RS I model is obtained for α = 1 where C-brane is absent, σC = 0. For α < 1
we have σC > 0 which correspond to inflation C-brane [16]. Various brane world
models can be recovered by using relations (3.24) and (3.25) [17, 18, 19, 20].
3.2 First order solutions
The aim of this subsection is now to solve the four basic equations (2.13) - (2.16) at
first order. In this order, the solution can be obtained by taking into account the
terms neglected at the zeroth order. We have
e−φΣ(1)νµ,y −
4
lA,B
Σ(1)νµ = −
[
(4)Rνµ −
1
4
δνµ
(4)R−DµDνφ−DµφDνφ
+
1
4
δνµ (D
αDαφ+D
αφDαφ)
](1)
, (3.26)
6
lA,B
Q(1) =
[
(4)R
]
, (3.27)
e−φQ(1),y −
2
lA,B
Q(1) = [DαDαφ+D
αφDαφ]
(1) , (3.28)
DνΣ
(1)ν
µ −
3
4
DµQ
(1) = 0 , (3.29)
where the superscript (1) represents the order of the gradient expansion. The junction
conditions are given by [
Σ(1)νµ −
3
4
δνµQ
(1)
] ∣∣∣∣
y=0
=
κ2
2
TAνµ , (3.30)[
Σ(1)νµ −
3
4
δνµQ
(1)
]+
−
∣∣∣∣
y=yA
= κ2T˜Cνµ . (3.31)[
Σ(1)νµ −
3
4
δνµQ
(1)
] ∣∣∣∣
y=yB
= −κ
2
2
TˆBνµ . (3.32)
Here, TAνµ , T˜
Cν
µ and Tˆ
Bν
µ are the energy-momentum tensors with the indices raised by
the induced metric on the A-brane, C-brane and B-brane, respectively. We compute
the Ricci tensor
[
(4)Rνµ
](1)
of a metric a2∓h
∓
µν . The Christoffel symbol is
Γρµν(g) = Γ
ρ
µν(h) +Dµ ln aδ
ρ
ν +Dν ln aδ
ρ
µ − hµνDρ ln a . (3.33)
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Here Dµ is a covariant derivative with respect to the metric hµν . Using equation
(3.33) the Ricci tensor of a metric gµν = a
2
−h
−
µν is given by[
(4)Rνµ(g)
](1)
−
=
1
a2−
[
(4)Rνµ(h
−) +
2
lA
(
DµDνdA + 1
lA
DµdADνdA
)
+
1
lA
δνµ
(
DσDσdA − 2
lA
DσdADσdA
)]
. (3.34)
Contracting indices µ and ν of the equation (3.34), we obtain the expression for the
Ricci scalar[
(4)R(g)
](1)
−
=
1
a2−
[
(4)R(h−) +
6
lA
(
DσDσdA − 1
lA
DσdADσdA
)]
. (3.35)
On the other hand, for the Ricci tensor and Ricci scalar of a metric gµν = a
2
+h
+
µν ,
respectively are given by[
(4)Rνµ(g)
](1)
+
=
1
a2+
[
(4)Rνµ(h
+)− 2
lB
(
DµDνdB − 1
lB
DµdBDνdB
)
− 1
lB
δνµ
(
DσDσdB + 2
lB
DσdBDσdB
)]
, (3.36)
[
(4)R(g)
](1)
+
=
1
a2+
[
(4)R(h+)− 6
lB
(
DσDσdB + 1
lB
DσdBDσdB
)]
. (3.37)
We also express the kinetic terms of φ in terms of the proper distance, the indices
− and + have been omitted to give a general case, as follows[
−DµDνφ−DµφDνφ+ 1
4
δνµ
(
DαDαφ+DαφDαφ
)](1)
=
e−φ
a2
∂
∂y
[(
DµDνd− 1
4
δνµDσDσd
)
− 1
l
(
DµdDνd− 1
4
δνµDσdDσd
)]
.(3.38)
In the equations above, Dµ denotes the covariant derivative with respect to the
induced metric h∓µν on the brane. And we have written the Ricci tensor in terms of
the proper distance for a generic point on the y-axis.
Substituting (3.35) into (3.27) we obtain the solutions of negative side of the
C-brane as
Q(1)|− = lA
a2−
[
1
6
(4)R +
1
lA
(
DσDσdA − 1
lA
DσdADσdA
)]
. (3.39)
We are now to obtain the traceless part of the extrinsic curvature at first order Σ
(1)ν
µ .
Substituting (3.35) and (3.38) into (3.26) and integrating we obtain
Σ(1)νµ (y, x)|− =
lA
2a2−
(
(4)Rνµ −
1
4
δνµ
(4)R
)
+
1
a2A
(
DµDνdA − 1
4
δνµDσDσdA
)
1
lAa
2
−
(
DµdADνdA − 1
4
δνµDσdADσdA
)
+
χνµ|−
a4A
, (3.40)
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where χνµ|− is a integration constant which satisfy χµµ|− = 0 and Dνχνµ|− = 0.
And the solutions of positive side of the C-brane are
Q(1)|+ = lB
a2+
[
1
6
(4)R − 1
lB
(
DσDσdB − 1
lB
DσdBDσdB
)]
, (3.41)
Σ(1)νµ (y, x)|+ =
lB
2a2+
(
(4)Rνµ −
1
4
δνµ
(4)R
)
− 1
a2B
(
DµDνdB − 1
4
δνµDσDσdB
)
1
lBa2+
(
DµdBDνdB − 1
4
δνµDσdBDσdB
)
+
χνµ|+
a4B
. (3.42)
where χνµ|+ is a integration constant which satisfy χµµ|+ = 0 and Dνχνµ|+ = 0.
The integration constants χνµ|− and χνµ|+ are non-local terms , which corresponds
to the projection on the brane of the five- dimensional Weyl tensor. Therefore they
carry the information of the bulk gravitational fields. In the following subsection we
give explicitly the expression of these terms.
4. The effective equations of motion on the branes
In this section, we derive the effective equations of motion on each brane, at the
first order, by substituting the equations of the extrinsic curvature into the junction
conditions (3.31)-(3.32). After imposing the trace of the projective Weyl tensor
vanishes, χµµ = 0, we then obtain the equations of motion for the scalar (radion)
fields. We start to derive the equations of motion on the middle brane.
4.1 Solutions on the middle brane
At the middle brane (C-brane) is no Z2 symmetry, the traceless part of the extrinsic
curvature is asymmetric. Therefore it has two values in different sides of C-brane.
Using equation (3.39) - (3.42), the junction condition at C-brane is written as
χνµ|+
e4dB/lA
− χ
ν
µ|−
e−4dA/lA
+
lA
2
(α− 1)Gνµ(hC) = κ2TCνµ . (4.1)
where we have used the Einstein equations on the negative and positive sides at
C-brane, Gνµ|− = Gνµ|+ ≡ Gνµ(hC). The junction condition at A-brane is given by
χνµ|− +
lA
2e2dA/lA
Gνµ(h
C)− 1
e2dA/lA
(DµDνdA − δνµDσDσdA)
+
1
lAe2dA/lA
(
DµdADνdA + 1
2
δνµDσdADσdA
)
=
κ2
2e2dA/lA
TAνµ ,(4.2)
and the junction condition at B-brane yields
χνµ|+ +
αlA
2
e2dB/lBGνµ(h
C) + e2dB/lB
(DµDνdB − δνµDσDσdB)
+
1
lB
e2dB/lB
(
DµdBDνdB + 1
2
δνµDσdBDσdB
)
= −κ
2
2
e2dB/lBTBνµ , (4.3)
– 10 –
where Dµ is the derivative covariant with respect to the induced metric on the C-
brane. To get equations (4.2) and (4.3), we have used the conformal transformation
of the metric both at negative side of C-brane and A-brane and at positive side of
C-brane and B-brane as follows
hC−µν = e
−2dA/lAhAµν , (4.4)
hC+µν = e
2dB/lBhBµν . (4.5)
Therefore, the index of TAνµ and T
Bν
µ are the energy-momentum tensors with the
indices raised by the induced metric on the both side of C-brane, while T˜Aνµ and Tˆ
Bν
µ
are he energy-momentum tensors with the indices raised by the induced metric on
the A-brane and B-brane, respectively. In order to obtain the effective equations
of motion at C-brane, one can subtract equation (4.2) with respect to (4.3). Then,
substituting this result into equation (4.1) yields
Gνµ(h
C) =
2κ2
lA(ΦC + αΨC)
[
TCνµ +
1
2
(1 + ΦC)T
Aν
µ +
1
2
(1−ΨC)TBνµ
]
+
1
(ΦC + αΨC)
[ (DµDνΦC − δνµDσDσΦC)
+
ω(ΦC)
ΦC
(
DµΦCDνΦC − 1
2
δνµDσΦCDσΦC
)]
+
α
(ΦC + αΨC)
[ (DµDνΨC − δνµDσDσΨC)
+
ω(ΨC)
ΨC
(
DµΨCDνΨC − 1
2
δνµDσΨCDσΨC
)]
, (4.6)
where we have defined two scalar fields
ΦC = e
2dA/lA − 1, ΨC = 1− e−2dB/lB , (4.7)
ω(ΦC) = −3
2
ΦC
(1 + ΦC)
, ω(ΨC) =
3
2
ΨC
(1 + ΨC)
. (4.8)
Inserting (4.6) into (4.2) and (4.3), respectively, we obtain
χνµ|− = −
κ2(1 + ΦC)
(ΦC + αΨC)
[
TCνµ +
1
2
(1− αΨC)TAνµ +
1
2
(1−ΨC)TBνµ
]
− lA
2(ΦC + αΨC)
[
(1− αΨC)P νµ (ΦC) + α2 (1 + ΦC)P νµ (ΨC)
]
, (4.9)
χνµ|+ = −
ακ2(1−ΨC)
(ΦC + αΨC)
[
TCνµ +
1
2
(1 + ΦC)T
Aν
µ +
1
2
(
α+ ΦC
α
)
TBνµ
]
− αlA
2(ΦC + αΨC)
[
(1−ΨC)P νµ (ΦC) + (α + ΦC)P νµ (ΨC)
]
, (4.10)
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where
P νµ (ΦC) =
(DµDνΦC − δνµDσDσΦC)
+
ω(ΦC)
ΦC
(
DµΦCDνΦC − 1
2
δνµDσΦCDσΦC
)
, (4.11)
P νµ (ΨC) =
(DµDνΨC − δνµDσDσΨC)
+
ω(ΨC)
ΨC
(
DµΨCDνΨC − 1
2
δνµDσΨCDσΨC
)
. (4.12)
The equations (4.9) and (4.10) correspond with discontinuity of the evolution for
Weyl tensor in each regions. The value χνµ|− on the negative side corresponds to the
evolution toward A-brane and the value χνµ|+ on the positive side corresponds to the
evolution toward B-brane.
The effective equations of motion for both scalar fields ΦC and ΨC can be ob-
tained by using the condition χµµ|− = 0 and χµµ|+ = 0, respectively. Then we get
ΦC =
κ2
lA(1− α)
[
(1− α)TA + 2TC
2ω(ΦC) + 3
]
− 1
2ω(ΦC) + 3
dω(ΦC)
dΦC
DσΦCDσΦC , (4.13)
ΨC =
κ2
αlA(α− 1)
[
(α− 1)TB + 2αTC
2ω(ΨC) + 3
]
− 1
2ω(ΨC) + 3
dω(ΨC)
dΨC
DσΨCDσΨC . (4.14)
We see that the effective equations of motion for the scalar fields dependent on the
matter sources for two branes.
4.2 Solutions on the other branes
We now proceed to find the equations of motion on the other branes. First, we derive
the equations of motion on the A-brane. Using the fact that the metric induced on
the A-brane is related by hAµν = e
2dAlAhC−µν , the junction condition on the A-brane is
given by
χνµ|− +
lA
2
Gνµ(h
A) =
κ2
2
TAνµ . (4.15)
The junction condition at C-brane is
χνµ|+
e4dB/lA
− χ
ν
µ|−
e−4dA/lA
+ (α− 1) lA
2
e2dA/lAGνµ(h
A)
+ (α− 1) e2dA/lA
[(∇µ∇νdA − δνµ∇σ∇σdA)+ 1lA
(
∇µdA∇νdA + 1
2
δνµ∇σdA∇σdA
)]
= κ2e2dA/lATCνµ , (4.16)
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and the junction condition at B-brane yields
χνµ|+ +
αlA
2
e2dA/lA+2dB/lBGνµ(h
A)
+αe2dA/lA+2dB/lB
[(∇µ∇νdA − δνµ∇σ∇σdA)+ 1lA
(
∇µdA∇νdA + 1
2
δνµ∇σdA∇σdA
)]
+e2dA/lA+2dB/lB
[(∇µ∇νdB − δνµ∇σ∇σdB)+ 1αlA
(
∇µdB∇νdB + 1
2
δνµ∇σdB∇σdB
)]
+
2
lA
e2dA/lA+2dB/lB
(
∇µdA∇νdB + 1
2
δνµ∇σdA∇σdB
)
= −κ
2
2
e2dA/lA+2dB/lBTBνµ , (4.17)
where ∇ is a derivative covariant with respect to the induced metric on the A-brane.
Eliminating χνµ|− and χνµ|+, the equations of motion on the A-brane is given by
Gνµ(h
A) =
2κ2
lA (ΦA + α(1− ΦA)ΨA)
[
1
2
TAνµ + (1− ΦA)
(
TCνµ +
1
2
(1−ΨA)TBνµ
)]
+
lA
2 (ΦA + α(1− ΦA)ΨA)
[
α(1− ΦA)P νµ (ΨA) + (1− αΨA)P νµ (ΦA)
+αP νµ (ΦA,ΨA)
]
, (4.18)
where
P νµ (ΦA) =
(∇µ∇νΦA − δνµ∇σ∇σΦA)
+
3
2(1− ΦA)
(
∇µΦA∇νΦA − 1
2
δνµ∇σΦA∇σΦA
)
, (4.19)
P νµ (ΨA) =
(∇µ∇νΨA − δνµ∇σ∇σΨA)
+
3
2(1−ΨA)
(
∇µΨA∇νΨA − 1
2
δνµ∇σΨA∇σΨA
)
, (4.20)
P νµ (ΦA,ΨA) = ∇µΦA∇νΨA +
1
2
δνµ∇σΦA∇σΨA . (4.21)
Here, we have defined two scalar fields as follows
ΦA ≡ 1− e−2dA/lA , ΨA ≡ 1− e−2dB/lB . (4.22)
Substituting (4.18) into (4.15) and (4.16), respectively, we find
χνµ|− = −
κ2(1− ΦA)(1− αΨA)
(ΦA + α(1− ΦA)ΨA)
[
1
2
TAνµ +
1
(1− αΨA)
(
TCνµ +
1
2
(1−ΨA)TBνµ
)]
− lA
2(ΦA + α(1− ΦA)ΨA)
[
α (1− ΦA)P νµ (ΨA)
+ (1− αΨA)P νµ (ΦA) + αP νµ (ΦA,ΨA)
]
, (4.23)
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χνµ|+ = −
ακ2
(ΦA + α(1− ΦA)ΨA) (1−ΨA)(1− ΦA)
[
1
2
TAνµ + (1− ΦA)TCνµ
+
1
2
α(1− ΦA) + ΦA
α
TBνµ
]
− αlA
2 (ΦA + α(1− ΦA)ΨA) (1−ΨA)(1− ΦA)
[
1
(1− ΦA)P
ν
µ (ΦA)
+
(
α(1− ΦA) + ΦA
(1−ΨA)
)(
P νµ (ΨA) +
1
(1− ΦA)P
ν
µ (ΦA,ΨA)
)]
. (4.24)
Using the conditions χµµ|− = 0 and χµµ|+ = 0 we find the effective equations of
motions for the scalar fields ΦA and ΨA as follows
P µµ (ΦA) = −
2κ2(1− ΦA)
lA(1− α)
[
1
2
(1− α)TA + TC
]
, (4.25)
P µµ (ΨA) +
1
(1− ΦA)P
µ
µ (ΦA,ΨA) =
2κ2(1−ΨA)
lA(1− α)
[
TC +
1
2
(
α− 1
α
)
TB
]
.(4.26)
Second, we now derive the equations of motion on the B-brane. Using the relation
of the metric between C-brane and B-brane the junction conditions at the A-brane
is
χνµ|− +
lA
2
e−2dA/lA−2dB/lBGνµ(h
B)
− lA
lB
e−2dA/lA−2dB/lB
[(
∇ˆµ∇ˆνdB − δνµ∇ˆσ∇ˆσdB
)
− 1
lB
(
∇ˆµdB∇ˆνdB + 1
2
δνµ∇ˆσdB∇ˆσdB
)]
+e−2dA/lA−2dB/lB
[(
∇ˆµ∇ˆνdA − δνµ∇ˆσ∇ˆσdA
)
+
1
lA
(
∇ˆµdA∇ˆνdA + 1
2
δνµ∇ˆσdA∇ˆσdA
)]
+
2
lA
e−2dA/lA−2dB/lB
(
∇ˆµdA∇ˆνdB + 1
2
δνµ∇ˆσdA∇ˆσdB
)
=
κ2
2
e−2dA/lA−2dB/lBTAνµ , (4.27)
and the junction condition at the C-brane is given by
χνµ|+
e4dB/lA
− χ
ν
µ|−
e−4dA/lA
+ e−2dB/lB
(
lB
2
− lA
2
)
Gνµ(h
B)
−2e
−2dB/lB
lB
(
lB
2
− lA
2
)[(
∇ˆµ∇ˆνdB − δνµ∇ˆσ∇ˆσdB
)
− 1
lB
(
∇ˆµdB∇ˆνdB + 1
2
δνµ∇ˆσdB∇ˆσdB
)]
= κ2e−2dB/lBTCνµ , (4.28)
where ∇ˆ is the covariant derivative with respect to B-brane, while the junction
condition at B-brane is
χµµ|+ +
αlA
2
Gνµ(h
B) = −κ
2
2
TBνµ . (4.29)
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Eliminating χνµ|− and χνµ|+ from equation (4.27)-(4.29), the equations of motion
on the B-brane is given by
Gνµ(h
B) =
2κ2
lA(ΦB(ΨB + 1) + αΨB)
[
1
2
TBνµ + (ΨB + 1)T
Cν
µ
+
1
2
(ΨB + 1)(ΦB + 1)T
Aν
µ
]
+
1
(ΦB(ΨB + 1) + αΨB)
[
(ΨB + 1)P
ν
µ (ΦB) + (ΦB + α)P
ν
µ (ΨB)
−P νµ (ΦB,ΨB)
]
, (4.30)
where
P νµ (ΦB) =
(
∇ˆµ∇ˆνΦB − δνµ∇ˆσ∇ˆσΦB
)
− 3
2(ΦB + 1)
(
∇ˆµΦB∇ˆνΦB − 1
2
δνµ∇ˆσΦB∇ˆσΦB
)
, (4.31)
P νµ (ΨB) =
(
∇ˆµ∇νΨB − δνµ∇ˆσ∇ˆσΨB
)
− 3
2(ΨB + 1)
(
∇ˆµΨB∇ˆνΨB − 1
2
δνµ∇ˆσΨB∇ˆσΨB
)
, (4.32)
P νµ (ΦB,ΨB) = ∇ˆµΦB∇ˆνΨB +
1
2
δνµ∇ˆσΦB∇ˆσΨB . (4.33)
The two scalar fields are defined as follows
ΦB ≡ e2dA/lA − 1 , ΨB ≡ e2dB/lB − 1 . (4.34)
The solutions for χνµ|− and χνµ|+ can be obtained by substituting equation (4.30) into
(4.27) and (4.29), respectively. Then, we get
χνµ|− = −
κ2
(ΦB(ΨB + 1) + αΨB)(ΦB + 1)(ΨB + 1)
[
1
2
TBνµ + (ΨB + 1)T
Cν
µ
+
1
2
(ΨB + 1)
(
1− αΨB
(ΨB + 1)
)
TAνµ
]
− lA
2 (ΦB(ΨB + 1) + αΨB) (ΦB + 1)2(ΨB + 1)2
[
α(ΦB + 1)P
ν
µ (ΨB)
+ ((ΨB + 1)− αΨB)
(
(ΨB + 1)P
ν
µ (ΦB)− P νµ (ΦB,ΨB)
) ]
, (4.35)
χνµ|+ = −
κ2(ΨB + 1)(α+ ΦB)
(ΦB(ΨB + 1) + αΨB)
[
1
2
TBνµ +
(
α
α + ΦB
)
TCνµ
+
1
2
(
α
α + ΦB
)
(ΦB + 1)T
Aν
µ
]
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− αlA
2 (ΦB(ΨB + 1) + αΨB)
[
(ΨB + 1)P
ν
µ (ΦB) + (ΦB + α)P
ν
µ (ΨB)
−P νµ (ΦB,ΨB)
]
. (4.36)
Finally, the equations of motion for the scalar fields are given by
P µµ (ΦB)−
1
(ΨB + 1)
P µµ (ΦB ,ΨB) = −
2κ2(ΦB + 1)
lA
[
1
2
TA +
1
(1− α)T
C
]
,(4.37)
P µµ (ΨB) = −
2κ2(ΨB + 1)
lA(α− 1)
[
1
2
(
α− 1
α
)
TB + TC
]
. (4.38)
In the derivation of equations of motion above we first to know the dynamics on
one brane. Then we know the gravity on the other branes. Since the dynamics on
each branes are not independent, the transformation rules for the scalar fields are
given by
ΦC = ΦB =
ΦA
1− ΦA , ΨC = ΨA =
ΨB
1 + ΨB
. (4.39)
In the following subsection, for the realization at the first order expansion, we
study the cosmological consequence of the radion dynamics. We need to derive the
Friedmann equation on each branes.
4.3 The effective Friedmann equation on the branes
The metric induced on the brane is the Friedmann-Robertson-Walker (FRW) metric,
ds2 = −dt2 + a2i (t)γmndxmdxn , i = A,B,C (4.40)
where the time and space components of the Einstein equations are given by
G00 = −3
[
a˙2i + k
a2i
]
, (4.41)
Gmn = −
[
2aia¨i + a˙
2
i + k
a2i
]
δmn , (4.42)
and k is the spatial curvature, k = 0,±1.
Assuming that the matter of the energy-momentum tensor to be T i
µ
ν = −ρiδµν ,
(i = A,B,C), then the field equations on the middle brane can be written as
G00(h
C) = − 2κ
2ρC
lA(ΦC + αΨC)
[
1 +
(1 + ΦC)
2αA
+
(1−ΨC)
2αB
]
+
3
(ΦC + αΨC)
[
H(Φ˙C + αΨ˙C) +
1
4
(
Φ˙2C
(1 + ΦC)
− αΨ˙
2
C
(1−ΨC)
)]
,(4.43)
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Gmm = −
2κ2ρC
lA(ΦC + αΨC)
[
1 +
(1 + ΦC)
2αA
+
(1−ΨC)
2αB
]
+
1
(ΦC + αΨC)
[
2H(Φ˙C + αΨ˙C) + (Φ¨C + αΨ¨C)
−3
4
(
Φ˙2C
(1 + ΦC)
− αΨ˙
2
C
(1−ΨC)
)]
, (4.44)
where the equations of motion for the radion fields are
Φ¨C + 3HΦ˙C = −8κ
2ρC(1 + ΦC)
3lA
[
1
(α− 1) −
1
2αA
]
+
Φ˙2C
2(1 + ΦC)
, (4.45)
Ψ¨C + 3HΨ˙C =
8κ2ρC(1−ΨC)
3lA
[
1
(α− 1) +
1
2αB
]
− Ψ˙
2
C
2(1−ΨC) . (4.46)
Here, we have defined two dimensionaless parameters
αA =
ρC
ρA
, αB =
ρC
ρB
. (4.47)
Using the equations (4.41) and (4.42) and eliminating Φ¨ and Ψ¨ from (4.45) and
(4.46), respectively, we get
H˙ + 2H2 +
k
a2C
=
4κ2
3lA(α− 1)ρ
C . (4.48)
Integrating this equation, we obtain the Friedmann equation with dark radiation,
H2 +
k
a2C
=
2κ2
3lA(α− 1)ρ
C +
CC
a4C
, (4.49)
where CC is an integration constant.
We derive the Friedmann equation on the A-brane where the FRWmetric is given
by (4.40). From the equation (4.18) the time component of the Einstein equation is
G00(h
A) = −κ
2ρC
lθ
[
1
2αA
+ (1− ΦA)
(
1 +
1
2αB
(1−ΨA)
)]
+
lA
2lθ
[
α(1− ΦA)P 00 (ΨA) + (1− αΨA)P 00 (ΦA) + αP 00 (ΦA,ΨA)
]
,(4.50)
where lθ is defined as follows
lθ ≡ lA
2
(ΦA + α(1− ΦA)ΨA) . (4.51)
And the time component of the kinetic terms are given by
P 00 (ΨA) = 3HΨ˙A −
3
4(1−ΨA)Ψ˙
2
A , (4.52)
P 00 (ΦA) = 3HΦ˙A −
3
4(1− ΦA)Φ˙
2
A , (4.53)
P 00 (ΦA,ΨA) = −
3
2
Φ˙AΨ˙A . (4.54)
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The space component of the Einstein equation (4.18) is given by
Gmm(h
A) = −κ
2ρC
lθ
[
1
2αA
+ (1− ΦA)
(
1 +
1
2αB
(1−ΨA)
)]
+
lA
2lθ
[
α(1− ΦA)Pmm (ΨA) + (1− αΨA)Pmm (ΦA) + αPmm (ΦA,ΨA)
]
,(4.55)
where
Pmm (ΨA) = Ψ¨A + 2HΨ˙A +
3
4(1−ΨA)Ψ˙
2
A , (4.56)
Pmm (ΦA) = Φ¨A + 2HΦ˙A +
3
4(1− ΦA)Φ˙
2
A , (4.57)
Pmm (ΦA,ΨA) = −
1
2
Φ˙AΨ˙A . (4.58)
Inserting equations (4.52)-(4.54) into (4.50) and (4.56)-(4.54) into (4.55), respec-
tively, we obtain
−3
(
H2 +
k
a2A
)
= −κ
2ρC
lθ
[
1
2αA
+ (1− ΦA)
(
1 +
1
2αB
(1−ΨA)
)]
+
lA
2lθ
[
α(1− ΦA)
(
3HΨ˙A − 3
4(1−ΨA)Ψ˙
2
A
)
+(1− αΨA)
(
3HΦ˙A − 3
4(1− ΦA)Φ˙
2
A
)
− 3
2
Φ˙AΨ˙A
]
, (4.59)
and
−2
(
H˙ − k
a2A
)
− 3
(
H2 +
k
a2A
)
= −κ
2ρC
lθ
[
1
2αA
+ (1− ΦA)
(
1 +
1
2αB
(1−ΨA)
)]
+
lA
2lθ
[
α(1− ΦA)
(
Ψ¨A + 2HΨ˙A +
3
4(1−ΨA)Ψ˙
2
A
)
+(1− αΨA)
(
Φ¨A + 2HΦ˙A +
3
4(1− ΦA)Φ˙
2
A
)
− 1
2
Φ˙AΨ˙A
]
, (4.60)
where the equations of motion for the radion fields ΦA and ΨA are obtained from
the equations (4.25) and (4.26), respectively
Φ¨A =
8κ2ρC(1− ΦA)
3lA(1− α)
[
(1− α)
2αA
+ 1
]
− 3HΦ˙A − 1
2(1− ΦA)Φ˙
2
A , (4.61)
Ψ¨A = −8κ
2ρC(1−ΨA)
3lA(1− α)
[
1− (1− α)
2ααB
]
− 3HΨ˙A − 1
2(1−ΨA)Ψ˙
2
A
+
1
2(1− ΦA)Φ˙AΨ˙A . (4.62)
Substituting (4.61) and (4.62) into (4.60), respectively, we obtain
H˙ + 2H2 +
k
a2A
=
2κ2ρA
3lA
. (4.63)
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Then, we obtain the Friedmann equation with dark radiation by integrating (4.77)
on the A-brane as follows
H2 +
k
a2A
=
κ2ρA
3lA
+
CA
a4A
, (4.64)
where CA is an integration constant.
Finally, To obtain the Friedmann equation on the B-brane we use the same
procedure. The Einstein equations on B-brane are given as follows
−3
(
H2 +
k
a2B
)
= −κ
2ρC
l˜θ
[
1
2αB
+ (1 + ΨB)
(
1 +
1
2αA
(1 + ΦB)
)]
+
lA
2l˜θ
[
(1 + ΨB)
(
3HΦ˙B +
3
4(1 + ΦB)
Φ˙2B
)
+(α+ ΦB)
(
3HΨ˙B +
3
4(1 + ΨB)
Ψ˙2B
)
+
3
2
Φ˙AΨ˙A
]
, (4.65)
and
−2
(
H˙ − k
a2B
)
− 3
(
H2 +
k
a2B
)
= −κ
2ρC
l˜θ
[
1
2αB
+ (1 + ΨB)
(
1 +
1
2αA
(1 + ΦB)
)]
+
lA
2l˜θ
[
(1 + ΨB)
(
Φ¨B + 2HΦ˙B − 3
4(1 + ΦB)
Φ˙2B
)
+(α + ΦB)
(
Ψ¨B + 2HΨ˙B − 3
4(1 + ΨB)
Ψ˙2B
)
+
1
2
Φ˙AΨ˙A
]
, (4.66)
where l˜θ is defined as follows
l˜θ ≡ lA
2
(ΦB(ΨB + 1) + αΨB) . (4.67)
In order to obtain (4.65) and (4.66) we have used the components of the scalar kinetic
terms:
P 00 (ΨB) = 3HΨ˙B +
3
4(1 + ΨB)
Ψ˙2B , (4.68)
P 00 (ΦB) = 3HΦ˙B +
3
4(1 + ΦB)
Φ˙2B , (4.69)
P 00 (ΦB,ΨB) = −
3
2
Φ˙BΨ˙B, (4.70)
Pmm (ΨB) = Ψ¨B + 2HΨ˙B −
3
4(1 + ΨB)
Ψ˙2B , (4.71)
Pmm (ΦB) = Φ¨B + 2HΦ˙B −
3
4(1 + ΦB)
Φ˙2B , (4.72)
Pmm (ΦB,ΨB) = −
1
2
Φ˙BΨ˙B . (4.73)
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The equations of motion for the scalar fields ΦB and ΨB are used to eliminate
the second derivative Φ¨B and Ψ¨B in the equation (4.66), where it is given by
Ψ¨B =
8κ2ρC(1 + ΨB)
3lA(α− 1)
[
(α− 1)
2ααB
+ 1
]
− 3HΨ˙B + 1
2(1 + ΨB)
Ψ˙2B , (4.74)
Φ¨B =
8κ2ρC(1 + ΦB)
3lA
[
1
2αA
+
1
(1− α)
]
− 3HΦ˙B + 1
2(1 + ΦB)
Φ˙2B
− 1
2(1 + ΨB)
Φ˙BΨ˙B . (4.75)
Solving the equation (4.66) we get the Friedmann equation on the B-brane by inte-
grating the equation below
H˙ + 2H2 +
k
a2B
= −2κ
2ρB
3lB
, (4.76)
to find
H2 +
k
a2B
= −κ
2ρB
3lB
+
CB
a4B
, (4.77)
where CB is an integration constant.
5. The scalar-tensor gravity
In the previous section we have derived the effective equations of motion in a three
brane system. Now we show how we can write the scalar-tensor gravity using the
effective equations of motion on this system. We use the solutions on the middle
brane to obtain a scalar-tensor gravity with two independent scalar fields. In the
following we omit subscript C of the equations that related to the middle brane.
From the equation (4.6) we see that a term lA
2
(Φ + αΨ) can be defined as a first
dimensionless scalar field,
lφ ≡ lA
2
(Φ + αΨ) , (5.1)
where l is an arbitrary unit of length. Because the scalar fields Φ and Ψ correspond
to the proper distance, the definition of the scalar field (5.1) associated with overall
distance of the middle brane. Then, the second scalar field can also defined as a
function of both scalar fields, we define
ϕ ≡ ϕ(ξ(Φ,Ψ)) . (5.2)
We intend to write the effective equations of motion on the middle brane (4.6)
as follows
Gνµ =
κ2
lφ
(
1 + Φ
2
TAνµ +
1−Ψ
2
TBνµ + T
Cν
µ
)
+
1
φ
(DµDνφ− δνµφ)
+
ω(φ)
φ
[(
DµφDνφ− 1
2
δνµ(Dφ)2
)
− ω¯(φ)
(
DµϕDνϕ− 1
2
δνµ(Dϕ)2
)]
, (5.3)
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where ω(φ) and ω(φ) are the arbitrary functional coupling of φ. The absence of
mixing terms in the equation above yields the following constraints
α
(
lA
2l
)2
− ω¯(φ)
(
dϕ
dξ
)2(
∂ξ
∂Φ
∂ξ
∂Ψ
)
= 0 . (5.4)
Applying this constraint into equation (5.3) we have
Gνµ =
κ2
lφ
(
1 + Φ
2
TAνµ +
1−Ψ
2
TBνµ + T
Cν
µ
)
+
1
φ
(DµDνφ− δνµφ)
+
ω(φ)
φ
[(
lA
2l
)2
− ω(φ)
(
dϕ
dξ
∂ξ
∂Φ
)2](
DµΦDνΦ− 1
2
δνµ(DΦ)2
)
+
ω(φ)
φ
[(
αlA
2l
)2
− ω(φ)
(
dϕ
dξ
∂ξ
∂Ψ
)2](
DµΨDνΨ− 1
2
δνµ(DΨ)2
)
. (5.5)
On the other hand, by inserting (5.1) into (4.6) we obtain
Gνµ =
κ2
lφ
(
1 + Φ
2
TAνµ +
1−Ψ
2
TBνµ + T
Cν
µ
)
+
1
φ
(DµDνφ− δνµφ)
− 3lA
4lφ(1 + Φ)
(
DµΦDνΦ− 1
2
δνµ(DΦ)2
)
+
3αlA
4lφ(1−Ψ)
(
DµΨDνΨ− 1
2
δνµ(DΨ)2
)
. (5.6)
The relation between the coefficients in equation (5.5) and (5.6) is
3lA
4lφ(1 + Φ)
=
ω(φ)
φ
(
lA
2l
)2 [
α
∂ξ/∂Φ
∂ξ/∂Ψ
− 1
]
=
ω(φ)
φ
(
lA
2l
)2 [
α− ∂ξ/∂Ψ
∂ξ/∂Φ
]
. (5.7)
and using the constraint (5.4) we get an equation of the form[
1− (1 + Φ)
(1−Ψ)
∂ξ/∂Φ
∂ξ/∂Ψ
] [
α− ∂ξ/∂Ψ
∂ξ/∂Φ
]
= 0 . (5.8)
It is easy to see that the solution of the equation (5.8) are
∂ξ/∂Ψ
∂ξ/∂Φ
= α, (5.9)
∂ξ/∂Ψ
∂ξ/∂Φ
=
(1 + Φ)
(1−Ψ) . (5.10)
The first solution yields vanishing the coefficient of (5.5) and (5.6). Then we find a
solution,
ξ = log
(1 + Φ)
(1−Ψ) . (5.11)
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Substituting this solution into (5.4) we obtain a differential equation for ϕ
dϕ
dξ
=
√
αeξ/2
(eξ − α)
√
((1− α)lA/2 + lφ)2
l2ω
. (5.12)
In order for ϕ to be only a function of ξ, we require that in equation (5.12)(
(1− α)lA
2
+ lφ
)2
= l2ω(φ) . (5.13)
Then, we obtain the solution of ϕ,
eξ = α coth2
(
ϕ(ξ)
2
)
. (5.14)
Finally, the effective equations of motion on the middle brane can be written as
Gνµ =
κ2
lφ
[
3lφ
2lAω(φ)
cosh2
(
ϕ(ξ)
2
)
TAνµ +
3lφ
2lBω(φ)
sinh2
(
ϕ(ξ)
2
)
TBνµ + T
Cν
µ
]
+
1
φ
(DµDνφ− δνµφ)+ ω(φ)φ
(
DµφDνφ− 1
2
δνµ(Dφ)2
)
− 9
4ω(φ)
(
DµϕDνϕ− 1
2
δνµ(Dϕ)2
)
, (5.15)
where
ω(φ) = −3
2
(
lφ
lφ+ (1− α)lA/2
)
. (5.16)
The effective action for the the middle brane corresponding to the effective equa-
tions of motion (5.1) can be rewrite as
S =
l
2κ2
∫
d4x
√
−h
[
φR− ω(φ)
φ
DµφDµφ+ 9
4
φ
ω(φ)
DµϕDµϕ
]
+
∫
d4x
√
−h
[
LC + 3lφ
2lAω(φ)
cosh2
(ϕ
2
)
LA + 3lφ
2lBω(φ)
sinh2
(ϕ
2
)
LB
]
,(5.17)
where LA, LC and LB are the Lagrangian correspond to A-brane, C-brane and B-
brane, respectively. This action is the scalar-tensor gravity on the brane with two
scalar fields as a function of the two proper distance.
6. Conclusions
In this paper, we consider three 3-brane systems with with A and B-brane are placed
at the fixed point of the orbifold whereas the C-brane is put between A- and B-brane.
We use the gradient expansion method to analyze, in the first order, the effective
equations of motion, in particular the radion Lagrangian. In this case we derived the
– 22 –
Friedmann equation with dark energy radiation by direct elimination of the radion
fields in the Einstein equations. We also derive the scalar-tensor gravity with depend
on the scalar (radion) fields.
We can also generalize this scenario to the multi (more than three) 3-branes
system in the low energy limit. It is also interesting, in this model, to investigate for
higher order correction.
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